Using a non-perturbative quantization method originally due to Heisenberg we obtain quantum monopole solutions and quantum flux tube solutions for the SU(3) strong interaction gauge theory. For the quantum monopole solution we find that the radial chromomagnetic field decreases exponentially with a scale set by the effective gluon mass. The quantum flux tube solution stretches between a monopole and anti-monopole and has a longitudinal chromomagnetic field. Both solutions exhibit characteristics of the Meissner effect and are conjectured to have a connection to the confinement phenomenon.
I. INTRODUCTION
At the present time the most interesting problems in quantum chromodynamics, such as confinement, calculation the hadrons masses, and many others, can not be solved, since for their solution it is necessary to have nonperturbative calculation methods in quantum field theory. One of the methods of overcoming this problem is numerical calculations on a lattice. One of the results of these calculations was the establishment of the fact that monopoles play an important role in quantum chromodynamics. The condensation of monopoles leads to compression of electric fields in a tube stretched between sources of colored fields. The monopoles in quantum medium can be seen after fixing the Abelian calibration. Unfortunately, the microscopic structure of these monopoles remains unclear and apparently can only be investigated in nonperturbative analytic calculations. In this paper we obtain a monopole and flux tube solutions in the approximation of two equations of nonperturbative quantization a la Heisenberg. This allows us to study in detail the microscopic structure of such a quantum monopole which is distinct from the 't Hooft -Polyakov monopole.
Classical non-Abelian gauge theories have a rich family of classical solutions. One of the best known of these solutions are the 't Hooft-Polykov monopole solutions [1] [2] . The original version of 't Hooft-Polykov monopole solution was found in the context of an SU (2) gauge theory coupled to a scalar field have a λφ 4 symmetry breaking potential. The Lagrange density for this system was
where
ν is the SU(2) field strength tensor; A a µ is the gauge potential; a, b, c = 1, . . . , 3 are the SU(2) indices; g is the coupling constant; ǫ abc are the structure constants for the SU(2) gauge group;
is the SU(2) covariant derivative; the last term proportional to λ, is a Higgs symmetry breaking potential which gives the scalar field a vacuum expectation value of v = φ a φ a . The classical equations of motion resulting from (1) are
By making the radial ansatz for the scalar and gauge fields of the form
the equations (2) (3) take the form
where x = vgr is the re-scaled radial coordinate. These equations (5) (6) where shown to have classical solutions which at large distances behaved as Dirac monopoles and at short distances had smooth, non-singular fields which exponentially merged with the large distance monopole form [1] [2] . Furthermore these monopole field configurations were stable due to their non-trivial topological structure. While the classical 't Hooft-Polyakov solutions have generated a lot of interest and work, it is fair to say that they have not yet made an experimentally verified contribution to particle physics. From the theoretical side this can be attributed to two points: (i) they are classical solutions which do not take quantization into account and (ii) they require scalar fields of a type that have not yet been observed (i.e. scalar fields which couple the SU(3) gauge fields). In this work we will apply a quantization method due to Heisenberg [3] to the SU(3) non-Abelian gauge theory of the strong interaction.
The paper is organized as follows: in Section II we consider two equations approximation, in Section III a quantum monopole is obtained, in Section IV an infinite flux tube is obtained, in Section V Meissner effect is discussed.
II. TWO EQUATIONS APPROXIMATION METHOD FOR NON -PERTURBATIVE QUANTIZATION IN QCD
The method of non -perturbative quantizationà la Heisenberg is that we have to write operator Yang -Mills equations [4] This equations set is equivalent to an infinite set of equations for all Green functions
. . . = 0,
The set of equations (8) - (13) is known as Dyson -Schwinger equations. But usually these equations are written as Feynman diagrams. We will not use this notation to emphasize the nonperturbative nature of the calculations carried out in this article. Let us compare our situation with infinite equations set (8) - (13) with turbulence modeling. In reference [5] (sections 2.3 and 2.4) it is shown that if we make some realistic physical assumptions about high cumulants with velocity and pressure then similar infinite equations set can be reduced to two equations: the averaged NavierStokes and Reynolds-Stress equations. In turbulence modeling the problem of cutting off infinite equations set to such two equations is known as the closure problem.
In a similar way in Ref. [4] it is shown that infinite equations set (8) - (13) can be approximately reduced to two equations describing 2-and 4-point Green functions, namely,
whereD µ is the gauge derivative of the subgroup SU (2); m 2 abµν ∝ φ 2 , µ 2 abµν and m 
2-point Green functions for the gauge fields δA a µ ∈ SU (2) × U (1) and for the cosetÂ m µ ∈ SU (3)/SU (2) are defined as
We will use following approximation
The condensate φ describes the averaged dispersion of quantum fluctuations ofÂ mµ fields. In order to obtain equation (15) we assumed the following approximation for the 4- 
Let us note that in our opinion the two equations approximation can be applied to the static case only.
III. HEISENBERG'S QUANTUM MONOPOLE
Our goal is to obtain a monopole-like solutions for equations (14) - (15). The physical meaning of such a solution is as follows: the magnetic field is pushed out by the condensate φ and forms a monopole with an exponentially falling magnetic field. This is the Meissner effect in QCD.
The ansätz for the SU(2) gauge fields is taken in the standard monopole form
here a = 2, 5, 7 and µ = t, r, θ, φ. We choose following matrix ∆ AB , (A, B = 1, 2, . . . , 8)
with ∆ 66 = ∆ 44 , ∆ 44 + ∆ 88 = ∆ 11 + ∆ 33 and vectors A µ , B µ
Using ∆ AB , A µ and B µ from (28) -(30) we obtain
Finally we have following set of equations for the unknown functions f (r) and φ(r)
where we have introduced dimensionless variable x = r/r 0 and redefine r 0 φ → φ, r 0 M → M ; r 0 = φ(0) −1 . The numerical solution of equations set (34) (35) is considered as an nonlinear eigenvalue problem with eigenfunctions f, φ and eigenvalues µ, M . The boundary conditions are
The results of numerical calculations are presented in Fig. 1 . One can find the approximate solution close to origin: 
where f 2 is arbitrary and φ 2 = λφ 0 (φ 2 0 − M 2 )/3. The asymptotic behavior can be obtained directly from equations (34) (35) and are
here f ∞ , φ ∞ are constants. The field strength F a ij , i, j = r, θ, φ is
In other words we have the following chromomagnetic fields:
Taking into account the asymptotic behavior (39) we have the following asymptotic behavior of magnetic fields
This asymptotic behavior shows us that we have a monopole but with exponential decreasing radial magnetic field H a r . The reason for this exponential decrease is the quantum corrections terms, M, µ in equations (34) (35).
The reason of such decreasing is quantum corrections m, M, µ. The problem of justification of our two equations approximation applied for quantum monopole is very hard and for solving this problem we have to compare our results with lattice calculations. The asymptotic behavior (47) allows us to calculate the magnetic flux Φ(r) through a sphere of radius r around quantum monopole:
that coincides with the lattice calculations of the magnetic flux in [6] . Equation (48) allows us to estimate the magnetic screening length of the chromomagnetic field H r as
The physical meaning of the obtained solution is as follows. In this situation we have the Meissner effect: the condensate φ pushes out the chromomagnetic fields H a i into a spherical bag creating a quantum monopole. It is widely believed that the pair monopole -antimonopole will form an object similar to Cooper pair in superconductivity. In order to have such object a flux tube filled with the chromomagnetic field should be stretched between monopole and antimonopole. In the next section we want to show that such a flux tube actually arises in the condensate φ that is also the manifestation of the Meissner effect in QCD.
IV. FLUX TUBE FILLED WITH CHROMOMAGNETIC FIELD
In this section we will obtain a flux tube filled with chromomagnetic field and created by two infinitely separated monopole and antimonopole. We consider the infinite flux tube because the consideration of a finite flux tube is a much more difficult problem since we have to consider a non-linear eigenvalue problem with partial differential equations.
We use the same equations (14) (15) and the flux tube ansätz of the form
The matrix ∆ AB is chosen in the form (28) with arbitrary ∆ 11 , ∆ 33 , ∆ 44 , ∆ 66 , ∆ 88 and vectors A µ , B µ
Using these ∆ AB , A µ and B µ we obtain
That leads to the set of equations
here we have introduced the dimensionless variable x = ρ/ρ 0 and redefine
Again we solve set of equations as a non-linear eigenvalue problem with w, φ as eigenfunctions and M, µ eigenvalues. The boundary conditions are
The results of numerical calculations are presented in Fig. 3 . One can find the approximate solution close to origin:
where w 1 is arbitrary and φ 2 = λφ 0 (φ
The asymptotic behavior can be obtained directly from equations (57) (58) and are
here w ∞ , φ ∞ are constants. Chromomagnetic field for the potential (50) is
and is presented in Fig. 4 . 
V. MEISSNER EFFECT
In this section we want to discuss the physical meaning of the obtained solutions for the quantum monopole and flux tube. The question is: Are the quantum monopole and flux tube embedded in empty space or into a condensate with non-zero energy density ? In order to understand this we have to analyze the asymptotic behavior of the corresponding energy densities for the quantum monopole and flux tube. To solve this question we will write the Lagrangian for the set of equations (34) (35) (monopole equations) and (57) (58) (flux tube equations). Since we consider the static case then the Lagrangian density coincides with the energy density. We will require that the energy density should be everywhere positive. The quantum monopole contains radial chromomagnetic field which exponentially decreases at infinity due to the presence of the quantum corrections coming from the dispersion of quantum fluctuations A a µ fields. We have shown that in this situation we have the Meissner effect: the magnetic fields are pushed out by the condensate φ.
It is widely believed that such monopole -anti-monopole pair is connected by flux tube filled with the longitudinal chromomagnetic field. We confirmed that in two equations approximation such infinite flux tube really exists. We have shown that the tube is filled by chromomagnetic field which is pushed out from the condensate φ due to the Meissner effect in QCD.
The problem of justification of our two equations approximation applied for obtaining quantum monopole and flux tube is very hard and for solving this problem we have to compare our results with lattice calculations. And even more: such comparing is very interesting and can be considered in future in an independent paper.
Finally, we have shown the existence of :
• quantum monopole in two equations approximation;
• flux tube with longitudinal chromomagnetic field in two equations approximation;
• Meissner effect in two equations approximation.
